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In the paper the solution to two contact problems for the elastic sphere is
adduced. These problems, apparently, are considered for the first time.

1. The impression of two rigid stamps on an elastic sphere, We examine
the problem of the impression of two rigid symmetrically arranged stamps on
an elastic sphere (Fig.1). We assume that the surface of the sphere exterior
to the stamp i1s free from stress and beneath the stamps tangential stresses

are absent,

By virtue of symmetry it is sufficlent to
consider only deformation for one quarter part
of the sphere.

Boundary conditions for the gilven problem
in spherical coordinates are expressed by the
relation

Up l,_p = &% (9) 0<e<a)
oo [pup = 0 0o (1.1)
Ooloar =0 (@< 0 < Yam)

From the condition of symmetry with respect
to the y-axis and plane ¢ = n/2 (2 = 0) we
have

U |o=o = Teo ,e=o =0

Us fosy, = Tod oy . = 0 (1.2)

Here u, and uy are radlal and meridional
components of displacement, and T,y and G,
are the corresponding tangential and normal stresses, g* () 1s a smooth
function, determining the form of the surfaces of the stamps and o 18 a
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parameter determining the dimensions of the stamps.

The equations of equilibrium in spherical coordinates for the condition
of axial symmetry have the form

. a .
(n + 2) sin 655 + B 2 (200, sin 6) = 0

. (1.3)
(*+ Zp)sine‘-;—é —p ‘%(meq,smﬂ) =

where
N
" p*sin 0|0

. ira du
[ (0%up sin 8) + 2 (puo sin 6) ] , ee=g [3; (puo) — -a—e‘-’] (1.4)
(A and p are Lamé coefficients)

Transforming from the § coordinate to the coordinate & = cosg , we

shall seek & solution to Equations {1.3) in the form of series (1.5)
0 o0
=1E+ 3 0P, w=VI=F 5 @@ P®
k=2, 4,... k=g, 4,...

Here P () are Legendre polynomials, f, (p), f,(p) and @, (p) are
unknown functions subject to determination, prime denotes differentiation
wlth respect to §,

Substituting Equations (1.5) and (1.4) into Equations (1.3) for the deter-
mination of functions f, (p), fk (o) and 9, {p) , we obtain differential equa-~
tions of the Euler type, solutions of which we take in the form

fh@)=4

_ o k-1 Ak (k—2) p k+1
0= —ke(i) —sarseery €T 0G(E @8

9 @) = 4 (£) "+ (I‘})k+1 (k=24 ..)

-

Here the constants of integration 4,, 4, and C, are determined from the
boundary conditions.

In the coordinate system p , £ , ¢ boundary conditions (1.1) and the
condition of symmetry (1.2) take the form

Uply_p = 8(B) = g*(8) (cosa=a<ESY)

1.7

Tolop =0 O<EY, Slor =0 (O<E<a)
Uplemy = Teo o, = 0r Unlp = Too gm0 =0 o<e<h) (1.8)
Employing the usual formulas for stress (1.9)

dug
%e = pz[ap(P 9)“"3—5@&851119)}-%2}& 7 'c,,g._p,{ _._5_.5?’..__;}
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and also relationships (1.5) and (1.6) and considering that p,’ (0) = 0,
it 1s easy to show that conditions (1.8) are identically satisfied.

Satisfying further the second of conditions (1.7) we have

Cp = — B DA+ pk+5)] 4
* Ae(k+2) F (b +2k—1)

k=2,4...) (1.10)

and for the determination of coefficlents A4, and 4, (x = 2, 4,...) from
the remaining conditions of (1.7) we obtain the following series equations

[++]
i
2 B{1+0(F]]P® =g @<E<)
e . (1.11)
k=§ B (*+ 7) P(®) =0 O<E<a
Here (1.12)
b+ 1) Bo (2k -+ 1) (A + ) [Me (k + 2) + p (K24 2k — 1)] B,
Ao Ak

T EE(Fap) T T 2E=D (A F 20) [A @K &k13) F2p(R k1))

0, (i) _ At — (A —p) 3M + 2w) k + 2 (3A2 4 Thp 4- 3p?) (1.13)
k 2(M 4 2p) (k — 1) [M (262 4 4k + 3) 4 2 (% - K - 1)) )
Thus the solution of the formulated problem has reduced itself to the
determination of coefficients 5, (k = 0, 2,...) from the "dual" series equa-
tions (1.11) containing Legendre polynomials. After determining B, all con-
stants of integration are determined by relations (1.10) and (1.12).

2. Investigation of "dual" series (1.11). As a preliminary we note that
if in the problem analyzed in Sectlion 1 there are present normal loads on
the surface of the sphere exterior to the stamp, or if the sphere has an axi-
ally symmetric stationary temperature field, then for the solution of these
problems instead of system of equations (1.11) we obtain the "dual" series
equations in the more general form

[e°)

2 BJ1+0(5)]P =g ® (a<E <)
o . (2.1)
2 Ba(n+g)Pa® =/ 0<E<a)

Here B, are unknown coefficients of magnitude 0(n"') at n - » , ten-
ding to zero as pn~!; the continuous function a(;) has a sectlonally con-
tinuous derivative; the function g(£) 1s sectlonally continuous, There~
fore, instead of system (1.11) we consider more general system (2.1).

As a preliminary we conslder the system
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DXl +0E)P.(B) =g (}) O<a<ELY)
™ 2.2)
2 Xa(n+ L)P.(B) = £, (B) (—1<E<0)

It is similar to the system of the special case examined by Minkov [1];
the general solution to such systems for 0{(n"*) = O was given by Babloian
[23.

We proceed to study the "dual" series equations (2.2). For these we
designate the value of the second serles of (2.2) in the region g<e&g1 by

VE) = 25Xa(n+ 1) Pa}) (@<E<Y) 2.3)
n==

Then from the second equation of system (2.2) and (2.3) we get for the
determination of coefficlents X,

a 1

Xo=\ £, ® Pa® dE+ {V (®) Pa(®) dt 2.4)
-1 a
With the help of the well-known formula
—— 1
1) o] _Yi=7d { P®)d
CcOos [(n+ 2) '}']— V.é o EW (2.5)
we transform the first equation of the system (2.2) to the form
© N 1
1 1 ot ] Y1—1 d ( g(®)dE
gX,.[i + 0(75)] cos[(n+—2-) T]— V2 d’rg(g—n‘l- (2:6)
n=0 Y
fealT<Y
Putting the expression for x, from (2.4) in (2.6) we find
¥ 1 1
VEdE dt— YT —pt(e®ds
§(T_a),,, §V(§)S(§, naE—VT—7 d,§(am7),,
—{h@we—o"+sEmae @<r<y @D
el
Here

SEN=VZ R0 P @ens[(ntd) wor] @9

For the derivation of relation (2.7) the known series was also used [3]

Lo frea—ar” (1>8)
T] = { N 2.9)

ipﬂ(i) cos [(n+3) e (1 <E)
n=0
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Making use of formula of inversion for integral equations of the Abel
type for the determination of the function ¥(g) from (2.7) we get the fol-
lowing Fredholm integral equation of the second kind:

F 4 1 1
e Y P (LTI R PR 2 e O A
+{A® (r— 9™+ 5 & M1 @<i<ty  (2.10)

1
We assume further, that

_[VE) (—1<E<—a)
h®=1{1g (Cecica (2.11)
and consider the case where the functions Vy(g) and p(g) are even. 1In

this case Equation (2.4) and integral equation (2.10) may be represented in

the form a 1

L=+ firorpoa+{vor.oa @2

Vo= - LA N oS eV a1
a 1
~%/s -1/ —=2 9 g (8) gt
+o§f @l — O+ (¢ + D7+ S G M g + V= m—,gm}
where

S;EN=8SETN+S(—ET1T (2.14)

Hence it is seen that the solution (2.12) of system (2.2) coincides with
the solution of system (2.1), 1i.e.

Xox= B, Xokna =10 (k=0,1,2,..) (2.15)

and the functién v(z) , which is determined from integral equation (2.13),
will be the value of the second series of system (2.1) in the reglon g<z<1,
1.e. the value of the normal stress beneath the stamps.

For the problem considered in Section 1, in Formulas (2.12) and (2.13),
we put j(g) = 0; then we obtain the following expression for the coeffici-

ents B, of the "dual" serles (1.11)
1

Be=2{v@®P. (¢ at (2.16)
where the function V(g) 1s obtained from the integral equation
1
Vi={K@EIv@E)d+F@ 2.17)

a
Here ¥ (£,2) and F(sz) are given by the relations
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KGd=——z =0+ 9"+ 8¢ nldr (248)
_ L dt—r\h, 4 gEdE
F(Z) == _:‘_‘ECS ( z""‘T) dTET—S‘é“‘ T)l/’ (219)
SiEN=2VZ 3 0(%)Pa®cos[(n+3) 1] (220
Nn=0, 2, ... '

It is easlly seen that in the quardant O< g < ¢ , 2z < 1 , the kernel
x (e, 2) 1s integrable and Equation (2.17) has a unique solution,

It should be noted that if in (2.10) and {2.11) one takes both functions
v{g) and p(g) odd {(this may take place for solutions of other problems of
equilibrium of a sphere: as for example, for a broblem of equatorial torsion
by twisting load on an elastic sphere, clamped by two rigid stamps), then
Equation (2.4) and integral equation (2.10) now reduce to the form

Xp =01 — (=1 (S 7€) Pa(®) & + S VE) P dE)  @20)

Vi) =—+ ;ST-}I;)T (S[S* E&n—@+d"MVEaE+ (222
+S PO — ™" =+ 07 S Gl dE+ VImp \ 285
e S:E 1) =5 &N —S (=4 (2.23

In this case the solutlon to system (2.2} coincides with the solutlon of
the following "dual" series egquations

Y A[1+0(3)]Pa® =g ® @<E<Y
‘n=;3. ee (2.24)
D An(n+ L) P =F() 0<E<a)
1.e. n=1,38, ...
Xokr = Asers Xox =10 (k=0,1,2,...) (2.25)

and the function V(s) entering -An integral equation (2.22) will also be the
value of the second series of system (2.24) in the region o < 2z <1 .

In exactly the same way the solution of "dual” serles equations (2,1} and
{2.24) may be reduced to the determination of function w(z)} from integral
equations of the type (2.133 and 22.223, where W{z) 1is the value of the
first series of system (2.1) and (2.24%) in the region O < z < g .

In concluding this section we note that for the analysis of the state of
stress of an elastic sphere impressed by two identical rigid stamps, we sepa-
rately investigate the case of symmetric and antlsymmetric stresses on the
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elastic sphere, In the first place this makes more clear the formulas and
"dual”series equations obtained,
and, secondly, each of these
stresses has lndependent signi-
ficance, since they correspond
to the definite character of the
sphere. It follows therefore
that the case of arbitrary stres-
ses on an elastlc sphere due to
two identical rigid stamps, sym-
metrically placed, may be obtained
from(2.12) and (2.21 by means of
the superposition of two above
indicated cases,

3. Torsion of an elastic
sphere by the astion of two
staxps, rigldly connected to the
sphere., Analogously one may
solve the problem of torsion of
a contlnuous elastic sphere when it 1s twisted by two identical rigid stamps
connected to the sphere,

Fig. 2

The remalning part of the surface of the sphere, for simplicity, is con-
sidered free from external loads (Fig.2).

In a spherical system of coordinates (¢, £, @) this problem reduces to
the integration of Equation [4 and 5]

iy
-G+~ =0 (3.1)

where Y(¢, €) is a function of the displacement.

From this the stresses Tgp and Ty, and dlsplacement ¥ are expressed by
the function ¥ (f, &)} by Formulas 3.2)

G(i—-é‘;’)ag. wWw=GYT -8 . v=RetVI—=BY(t

Boundary conditions and the condition of symmetry for the considered prob-
lem will have the form

T (0, &) = 0 0<t<a)
v(0,8) =RpY1 — & (a<E<Y) 3.3)
v(t 0 =0 (— o0 <t 0)

where f 1is angle of twist of the stamps and 1?1/1 — 2 = r 1s the dis-
tance of polnts on the surface of the sphere from the z-axis. We seek the
function ¥ (f, ) 1in the form of a series

V(5= 3 Yt () (3.4)

n=a,4, ...

It 1is easily seen that the last condition of (3.3) is satisfled identi-
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cally. To satisfy the remalning conditions of (3.3) for the determination

of the unknown coefficients 7y,, appearing in {(3.4), we obtain "dual" series
equations

2 X (t+2) P @ =5 (e<E<Y)
= 4 (3.5)
_Z‘, Xo(n+1)P/1%) =0 0<E<a)
Here we 1:;:;;;;e the notation
n—1)Y,=(r+1)X, (3.6)
As a preliminary we examine the system
3 Xa(14+:25) P ) =BE+ 0 (e <t<1)
n=(l,°2,... (3.7)
ngzw Xa(n+3)P(®) =c 0<i<a)

where g, and ¢ are as yet unknown constants.

From (3.5) and (3.7) it is seen that one of the constants of value ¢, or
¢ may be selected arbitrarily (for example ¢ = O) and the other constant
is determined in the following manner: the solution of system (3.7) (as in
system (2.1)) reduces to the determination of a function ¥(z) from integral
equation {2.13). If the solution of this equation is sought in the form of
a power seriles (z — g), then 1t is easily shown that this series must have

the form n-1
o0 —
— 2
V()= ) an(z— a) (3.8)
n=0
Since the function V' (z) represents the tangential stress T (0, 2) in
the region a < z <1 (beneath the stamp), then in this region it must be

summable, 1.e.
1

\V@a=vit)—7 @< (3.9)

a

This relation occurs only in the case if

g =0 (3.10)

The value of constant ¢, ls determined from condition (3.10),

We note that systems (3.5) and (3.7) are equivalent only for comdition
(3.10).

Thus by virtue of (2.1), (2.12) to (2.1%4) and (3.7) the analysis of the
problem above on torsion of an elastic sphere by two rigld stamps reduces to
the solution of a Fredholm integral equation of the second kind
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1

V= {KE V@ aE+F (3.11)
where ,
—1/a
K o) =~z g\ TR ERED gy (3.12)
Co z—41—a a a z a s
Fy () = 2t BG 1 )(1ia) LB :Co[fv_tz__ e (1ia) ](3.13)
S, En=3V2 2 f’_‘_‘? cos [(n +g) 7] (3.14)
n=y, 2,...

After certain transformations Expression (3.13) may be also written in
the form

S =—3GqVEFr+VI—1*VE—1)—
~Ser+ VT e VISP VEST
. VI+r+VE+T

Sk =—3r (VTFE+VT—B—ZF[@r +10VT=7x

o AT VETB o iy VIET L VIEE (148
X S —er— VT LUV ()]

(3.15)

for T>E
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