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In the paper the Bolutlon to two contact problem8 for the elaatlc sphere 18 
adduced. These problems, apparently, are coneldered for the first time. 

1. 'pho lmprrrrloa of two r*1d r-r oa aa rlotio rptmr. We exmlne 

the problem of the lmpresaion of two rigid aymmetrlcally arranged et-8 on 

an elastic sphere (Flg.1). We 888-e that the surface of the sphere exterior 

to the stamp 18 free from 8tre88 and beneath the stamps tangential atressee 

are absent. 

are the corresponding 

function, determining 

By virtue of symmetry It 18 sufficient to 

conelder only deformation for one quarter part 

of the sphere. 

Boundary conditions for the given problem 

In spherical coordinate8 are expreaeed by the 

relation 

UPIPCR = g* (0) (o<e<a) 

Ge IP__R = 0 (O<e<<'/zJI) (1.1) 

c&R = 0 (a<0 dI/~n) 
From the condition of eynunetry with respeat 

to the z-axis and plane 0 = n/2 (a - 0) we 

have 

(W 
Here up and ug are radial and meridional 

component8 of dlaplacement, 8.nd ZPe and a, 

tangential and normal stresses, g*(8) la a smooth 

the form of the surface8 of the stamp8 and Q le a 
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parameter determining the dimensions of the stamps. 

The equations of equilibrium in spherical coordinates for the condition 
of axial symmetry have the form 

(h + 2p) sin 8m ~3’ + p $ (2p0, sin 0) = 0 

(7A 
(h+2p)sin8---pp&(2p~si*9)=0 

(4.3) 

aP 

nhere 

A = &[& (peu, sin e) + $ (pue sin 6) ] , 0, = $ [$ (pug) - $1 (1.4) 

(k and p are Lam6 coefficients) 

Transforming from the e coordinate to the coordinate r: - costl , we 

ahall eeelc a solution to Equations (1.3) In the form of series (4.5) 

% = f (P) + $j & (p) pk (8, UO = 7/i - 5” $j (pk (p) pk’ (E) 
k=s. a,... k=z. 4,... 

Here Pk (E) are Legendre polynomlala, f,, (p), jk (p) and qk (p) are 
ilnknown functions subject to determination, prime denotes dlfferentlhtlon 

w%th respect to f. 

Substituting Equations (1.5) and (1.4) Into Equations (1.3) for the deter- 
mination of functions f. (p), fk (p) and ‘pR (p) , we obtain differential equa- 

tlona of the &ler type, aolutlons of which we take in the form 

fk (P) = - kAk (,)*-’ _ Xv% -L k‘ (k - ‘) 
h (k + 3) + P (k -I- 5) 

(k + 1) Ck (5)“’ W-9 

‘pk (p) = Ak (;)‘-l + ck ( $)k+l (k = 2, 4. . ..) 
c 

Here the constants of integration Aor Ak and C, are determined from the 
boundary conditions. 

In the coordinate system p , 5 , cp boundary conditions (1.1) and the 

condition of symmetry (1.2) take the form 

UP l&Y=, = g (E) = g* (4 (co5 u = a < e < i) 

=,e ip=R = 0 
(1.7) 

(0 < 5 < 11, QP (& = 0 @<,<<<a) 

(OGP<,o U.8) 

&nploying the usual formulas for stress (1.9) 



and also relationships (1.5) and (1.6) and considering that pp,' (0) = 0 , 

it Is easy to show that conditions (1.8) are Identically satisfied. 

Satisfying further the second of conditions (1.7) we have 

Ck z - (k- l)I~(k+3)+1r(k+ 5)lAK 
Ik (k + 2) + p(ka + 2k - 1) (k = 2, 4,. . .) (1.10) 

and for the determination of coefficients A,, and A, (k = 2, 4,...) from 

the remaining conditions of (1.7) we obtain the following series equations 

,*! Bk[l + 01 (:)]P, (E) = g (8 (a<CGi) 
9 I**. 

00 

-a n ‘* + f) Pk(5) = 0 b DklK k=o,z.... r, 

Here (1.12) 

p@+II)Bo 
Ao = (35+2p)(k+2p) ’ 

&= - 
(2k+i)(I+Ir)[Ik(k~2)+CI(ka+2k--)1B, 
2 (k - 1) @ + 2~) P W2+ ak+3) +2W+k+l)l 

(A(+) = 
4p*ka-(h-p) (3h + 2~) k + 2 (3P + 71~ + 3~~) 

2(h +W(k- 1) P(2ka +u+ 3)+ 4(k* +k+ i)l 
(1.13) 

Thus the solution of the formulated problem has reduced itself to the 

determination of coefficients & (k = 0, 2,...) from thr! Ildual" series equa- 

tions (1.11) containing Legendre polynomials. After determining & all con- 

stants of integration are determlned by relations (1.10) and (1.12). 

2. Invertigatlon of "dual" roriw (1.11). As a prelMn8ry we note that 

if In the problem analyzed In Section 1 there are present normal loads on 

the surface of the sphere exterior to the stamp, or If the sphere has an axl- 

ally symmetric stationary temperature field, then for the solution of these 

problems Instead of system of equations (1.11) we obtain the "dual" series 

equations In the more general form 

i q1 +q;)]w)=g(5) (a<4 df) 
n==o, 2.... 

i B,(n+ +"(5)=f(5) 

(2.1) 

(Od 5<4 
w=O.2,... 

Here & are unknown coefficients of magnitude O(n-') 8t n - m , ten- 

ding to zero ae n-'; the continuous fWKtion a(g) has 8 SeCtiOn8lly con- 

tinUOUS deriV8tiVe; the function y(5) la sectionally continuous. There- 

fore, in8te8d of system (1.11) we consider more general system (2.1). 

As 8 prellmlnary we consider the system 
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5 xn [i i- of+)1 p?t (%I = g (E) (O<n<Ed1) 
n==o 

5 x* (n + $)P, (E) = fl (6) 
(2.2) 

(---I<C<a) 
n==o 

Xt is similar to the system of the special case examined by Mnkov [l] ; 

the general solution to such systems for o(n-l) = 0 was given by Bablolan 

E21 l 

We proceed to study the 'dual' series equations (2.2). For these we 

designate the value of the second series of (2.2) In the region a< SC1 by 

V(%) = gL(n+ $)Pn(%) @<4<1) 
-0 

Then from the second equation of system (2.2) and (2.3) we 

determlnatlon of coefficients X,, 

XVI = s fl (8 pr& (8) dS + 5v (E) p?% (8 df 
-1 0 

With the help of the well-known formula 

(2.3) 

get for the 

(2.4) 

- 

5 
fl (%H(r - %I-"*+ s (%JW% (a< rGl1) (2.7) 

Here 

s(%~~,=vi-iO(~)P.(%)c~[(n+;i --‘r] (2.8) 
n=o 

(2.5) 

we transform the first equation of the system (2.2) to the for-s 

i X,[l + O(f)]cos[(n+ +) 
n=O 

cot-1 += - v;;Ta-$i l”f’l’;;,, (2.6) 

(a<r611) 

Putting the expression for & from (2.4) in (2.6) we find 

y VWdE 

1 

s a w-w = -a s 
I'(%) s (E, y) d%---l/i --7'$ ("Ey$ - 

1 

a 

Pop the derivation of relation (2.7) the known series Was also used c31 

; p, (E) cos [(?a +f) 

n=O 

tr> ‘) (2.9) 
(7 < 4) 
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Making use of formula of Inversion for integral equations of the Abel 

type for the determination of the function V(s) from (2.7) we get the fol- 

lowing Fredholm integral equation of the second kind: 

+ [A (%I ((7 - EP + s (E, 711 d%} (a < 2 d f) (2.10) 
-1 

We assume further, that 

fl(E) = {‘r ;;; (---1<<<-4 
(- u < E < a) 

(2.11) 

and consider the case where the functions V(c) and y(s) are even. In 

this case Equation (2.4) and integral equation (2.10) may be represented in 

the form 

XI = 11 + (-VI {s"f (5) p* (E) d%+ s'v (%I p?a (%)a%} (2.12) 
0 a 

V(z)=-$g~ dr {I 
0 ( z - y)“’ o rtr + EP + Sl (E, 711 v (%I d% + (2.13) 

-kif (%)wY - %)-” + (7 + %)-l/‘-t 8, (E, T)l d% + n- 7${ (p$} 
0 Y 

where 

s, (E, T) = s (%PT) + s (- %V 7) (2.14) 

Hence It Is seen that the solution (2.12) of system (2.2) coincides with 

the solution of system (2.1), I.e. 

&k = &ak, &k+l = 0 (k = 0, 1,2, . . .) (2.15) 

and the functl6n V(t) , whlch,ls determined from Integral equation (2.l3), 

will be the value of the second series of system (2.1) in the region a<z< 1, 

I.e. the value of the normal stress beneath the stamps. 

For the problem considered In Section 1, In Formulas (2.12) and (2.13), 

we put y(S) - 0; then we obtain the following expression for the coefflcl- 

ents B, of the "dual' series (1.11) 

where the function V(c) Is obtained from the Integral 

v (2) = fK (%, 4 V (E) df + F (z) 

equation 

(2.16) 

(2.~7) 
a 

Here K (5,~) and F(Z) are given by the relations 
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(2.18) 

(2.19) 

(2.20) 

It is easily seen that In the quardant 0 c a < g , E < 1 , the kernel 

K (5, I) Is Integrable and Equation (2.17) has a unique solution. 

It should be noted that if in (2.10) and (2.11) one takes both functions 

v(s) and f(5) odd (this may take place for solutions of other problems of 

equilibrium of a sphere: as for example, for a'problem of equatorial torsion 

by twisting load on an elastic sphere, clamped by two rigid stamps), then 

Equation (2.4) and integral equation (2.10) now reduce to the form 

x, =[I - c-wr (“s f (E) pn (%I d% + s’ 7 (%I p, (E) d%) (2.21) 

+ j f (U I(7 - EP - (7 + EP -I- s, (E, r)l d% + 1/l - T2 
0 

where 

82 (E? 7) = s (%, 7) - s (--%, 7) 

+ (2.22) 

I. 
d 

s 
g (4) dS 

x ; (4-e > 

(2.23) 

In this case the solution to system 

the following "dual" series equations 

(2.2) coincides with the solution of 

_z, _A+ + 0 ($1 Pn (%I = g 63 (a<f-I\<~) 

00 (2.24) 

I.e. 

X ak+l - - &k+u &k = 0 (k = 0, 1,2,. . .) (2.25) 

and the function v(r) enterlng.ln integral equation (2.22) will also be the 

value of the second series of system (2.24) in the region acz<l. 

In exactly the same way the solution of "dual" series equations (2.1) and 
(2.24) may be reduced to the determination of function W(Z) from integral 
;~;;l;",~o; ;p,;x)",,'P;f:{ ani [;:zj,;h;;E ,,;kL gCt,hecv;ll_ie of the 

In concluding this section we note that for the analysis of the state of 
stress of an elastic sphere Impressed by two identical rigid stamps, we sepa- 
rately investigate the case of symmetric and antisymmetric stresses on the 
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elastic sphere, In the first place this makes more clear the formulas and 
"duaf'serles eauations obtained. 
and, secondly,-each of these _ 
stresses has Independent signi- 
ficance, since they correspond 
to the definite character of the 
sphere. It follows therefore 
that the case of arbltrarystres- 
se8 on an elastic sphere due to 
two identical rigid stamps, sym- 
metrical1 
frcqn(2.12 
the superposition of two above 
indicated cases. 

3. Torrlon of an rlutio 
rphcixw by the rotlon of two 
8-m, rigidly oonneoted to the 
rphsre. Analogously one may 

solve the problem of torsion of 

a continuous elastic sphere when it Is twisted by two Identical rigid stamps 

connected to the sphere. 

The remaining part of the surface of the sphere, for slmpllclty, 1s con- 

sidered free from external loads (Flg.2). 

In a spherical system of coordinates (t, 5, cp) this problem reduces to 

the integration of Equation [4 and 53 

where Y(t, 5) Is a function of the displacement. 

From MS the stresses Zc9 and 'Cl, and displacement U are expressed by 

the function Y (t, f) by Formulas (3.2) 

Boundary conditions and the condition of synrmetry for the considered prob- 

lem will have the form 

G(O, E) = 0 @GE< a) 

2, K4%) = RBTfi - E" (a<Edf) (3.3) 
v (t, 0) = 0 ( --<<to) 

where $ Is angle of twist of the stamps and R1/1 - %” = 7 Is the dis- 
tvce of points on the surface of the sphere from the z-axis. We seek the 

function Y(t, f) in the form of a series 

Y (t, E) = g Yne(n-l)lPn’ (5) (3.4) 
n=,,4, . . . 

It Is easily seen that the last condition of (3.3) is satisfied ldentl- 
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tally. To Satisfy the remaining conditions of (3.3) for the determination 

of the unknown coefficients y,, appearing in (3.4), we obtain “dual” series 
equations 

n=j,.._xn(l I$$) Pn’ (8 = B 

; x, (n -I- f) Pn'jE) = 0 
-8. 4.... 

(C<Edi) 

(3.5) 

to< 5 < 4 

Here we introduce the notation 

(n-1) r,=(n++)x, (3.6) 
As a preliminary we examine the system 

03 

_x_ xn (1 + gj) pn (6) = BE + co 

; Xn(n ++)Pn(E) = c 
-0. 2,... 

(a<Ed1) 

(3.7) 

(0 d E < 4 

where C,, and C are as yet unknown constants. 

From (3.5) and (3.7) It Is seen that one of the constants of value Cc or 

C may be selected arbitrarily (for example C = 0) and the other constant 

Is determined in the following manner: the solution of system (3.7) (as In 

system (2.i)) reduces to the determination of a function V(Z) from integral 

equation (2.13). If the solution of this equation Is sought in the form of 

a power series (E - a), then It Is easily shown that this series must have 

the form n-1 

1' (2) = 5 a, (2 - a)" (3.8) 
n=o 

Since the function v’(g) represents the tangential stress ‘&,(O, Z) in 

the region a< z < 1 (beneath the stamp), then In this region It must be 

sununable, I.e. 
1 

s 
V' (2) dz = V (1) - V (a) < 00 (3.9) 

D 

This relation occurs only In the case If 

a, = 0 

The value of constant Co is determined from condition (3.10). 

(3.10) 

We note that systems (3.5) and (3.7) are equlvalent’only for condition 

(3.10). 

Thus by virtue of (2.1), (2.12) to (2.14) and (3.7) the analysis of the 

pmblem above on torsion of an elastic sphere by two rigid stamps reduces to 

the solution of a Fredholm Integral equation of the second kind 
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where 

(3.11) 

(3.12) 

F,(z)=ea+P'~-l--)(~)l~ ( 3Pznfco[g 

s, (5, r) = 3 n- ; p$ cos n + 
?a=o, %... 

[( 

- w-1 (;%,“I (3.13) 

1 
T 1 

UN- 7 1 (3.14) 

After certain traneformatlons Expression (3.13) may be also Written In 

the form 

1. 

2. 

3. 

4. 

5. 

for r> E 
(3.15) 
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